Large vorticities have been observed in the Quark-Gluon Plasma produced in peripheral collisions studied by the STAR collaboration at the RHIC facility. The first observations suggested, and more recent results confirm, that the vorticity is most in evidence at moderate impact energies, and is greatly reduced at the highest RHIC energies. In earlier work, we used a gauge-gravity approach to describe this unusual situation in terms of a bound on vorticity, a bound that decreases with increasing impact energy. This led to a predictions of upper bounds on total average polarizations P Λ ′ + P Λ ′ , for (primary) Λ and Λ hyperons produced in collisions of 20% centrality at various impact energies. These predictions are in good agreement with the STAR data: in fact, the bounds are in nearly all cases actually attained. In this work we investigate the consequences of the vorticity bound for the variation of Λ + Λ polarization with centrality, at fixed impact energy. The latest STAR data indicate that, for centralities C ≥ 20%, the polarizations increase with centrality, up to about C = 70%. We find that the vorticity bound (if it continues to be attained) predicts, rather unexpectedly, that as one moves downwards from 20%, Λ + Λ polarizations at first decrease but then increase sharply, in a characteristic pattern which should be readily discernible if collisions can be studied at impact energies below 200 GeV and centrality as low as 5 − 10% (as has been achieved in the analogous experiments conducted at the LHC, studied in the ALICE detector). The effect should be most evident at lower impact energies, so we give predictions for impact energy √ s NN = 27 GeV as well as 200 GeV.
The Vorticity of the Quark-Gluon Plasma
It has long been predicted [1] [2] [3] that peripheral collisions of heavy ions should, for impact energies high enough to produce a Quark-Gluon Plasma (QGP), give rise to large vorticities in that plasma, corresponding to local angular velocities on the order of 10 21 -10 22 · s −1 . Fortunately, there is a particular observable, the global polarization of Λ and Λ hyperons [4] , which was expected to manifest this phenomenon in a relatively straightforward way, and the STAR collaboration [5] at the RHIC facility has been investigating this for some considerable time.
It was therefore somewhat surprising that the initial results [6] , based on observations of collisions at impact energies √ s NN = 62.4 and 200 GeV, were negative. As is well known, polarization of Λ and Λ hyperons has subsequently been observed [7] ; but this important advance was made by studying collisions at much lower impact energies (perhaps most convincingly at √ s NN = 19.6, 27, 39 GeV).
Recently [8] (see also [9, 10] ), the STAR collaboration, using a data set about 150 times larger than the one used in [6] , have in fact discovered evidence of hyperon polarization in collisions at 200 GeV. The results are consistent with the earlier work, in the sense that the reported polarizations are so small that they could not have been detected earlier.
Searches for this effect have also been conducted at the LHC (studied in the ALICE detector) [11] , where of course the impact energies are much higher: no evidence of polarization of Λ and Λ hyperons was found.
In summary, it appears that vorticity is a decreasing function of impact energy for this system. This was discussed tentatively in [7] , and asserted more definitely in [8] . There has been much discussion of this strange behaviour: see the references in [12] .
Since the angular momentum imparted to the plasma in a peripheral collision certainly does increase, at given centrality, with impact energy, it follows that the relation between the angular momentum of the plasma and its vorticity must be an unusual one. There is evidently a need for an explicit formulation of this relation.
There is another field of physics in which unusual relations between angular momentum and angular velocity are common: the physics of particles in the exterior spacetime of a rotating black hole (see for example [13] ). To take the best-known example: such a particle, with zero angular momentum, has a non-zero angular velocity around the black hole -this is the phenomenon of frame dragging.
The two examples seem remote from each other, but the gauge-gravity duality [14] does in fact relate the properties of thermal asymptotically AdS black holes to those of a theory (defined on conformal infinity) which resembles, to some extent, quantum chromodynamics. One can therefore use [15] an AdS-Kerr black hole to attempt to describe vorticity in the dual plasma. The hope, in the present application, is that the peculiar relationship between the angular momentum and the angular velocity of a particle moving around such a black hole might lead, in the dual theory, to a relation between the vorticity and the angular momentum density of the plasma, such that the inverse relation between impact energy and hyperon polarization can be understood or at least described in a concrete manner.
In [12] we argued that this hope is realised. One finds that the holographic model leads to an upper bound on vorticity, given simply by
where ω is the vorticity, α is the angular momentum density of the plasma, ε is its energy density, and κ is a dimensionless constant with the indicated approximate value; we briefly review this in the next section. The two densities can be straightforwardly computed from the impact energy and the centrality of the collision. The key observation here is that α increases with impact energy much more rapidly than ε: so the immediate consequence is that the model imposes more restrictive bounds at higher impact energies. For collisions at 200 GeV, with 20% centrality, the bound predicts relatively small vorticities (below 0.00387 fm −1 ), corresponding to a total polarization (the sum for Λ and Λ hyperons) of at most 0.402%, on the edge of what can be observed. Nevertheless, total polarizations very close to this upper bound have in fact been reported [8] in collisions at this impact energy. (For the ALICE collisions discussed in [11] , the bound predicts unobservably small total polarizations, with upper bounds in the range 0.046 − 0.055%, in agreement with recent hydrodynamic calculations [16] .)
At lower impact energies (particularly between 19.6 and 39 GeV), clearly non-zero total polarizations were reported in [7] , and, within the uncertainties, the data respect the weaker bound imposed in those cases by the vorticity bound (see [12] for the details). In fact, in all those cases, the bound is, to a reasonable approximation, actually attained 1 . This led us to propose [12] that this is always the case when the impact energy suffices actually to produce a plasma, and when the impact parameter is not too small or too large 2 . We conclude that the vorticity bound gives a good account of the variation of QGP total polarization with impact energy.
The data analysis now reported in [8] also leads to something new: data on the polarizations as functions of centrality, for collisions at √ s NN = 200 GeV and for centralities ≥ 20%. It is found that the Λ + Λ polarization grows slowly with centrality at first, apparently reaching a maximum at C = 60 − 70%.
Polarizations are not reported in [8] for centralities C < 20%. In this work, we use the vorticity bound to make some predictions as to what might be found if lower centralities, say down to 5% (as has been achieved in collisions studied in the ALICE detector at the LHC [11] ), can be investigated in the beam energy scan programmes. We find that the model predicts (if we assume that the bounds continue to be attained) an initial continued fall in the polarization as C drops below 20%, but that there is a global minimum at around C = 12.5%; the polarization steadily increases thereafter, becoming quite marked in the centrality range 5 − 10%. As expected, this pattern is more prominent at lower impact energies, say for example √ s NN = 27 GeV, and should appear clearly in that case.
1 At still lower impact energies, the agreement of the bound with the data is still reasonable down to √ s NN = 11.5 GeV, but the error bars become larger. More seriously, at the lowest impact energies, the Λ polarization results appear to be significantly larger than those for Λ hyperons, making it difficult to interpret these data: see [17] . 2 We will be more precise as to the meaning of this, below.
Brief Review of the Vorticity Bound
The vorticity bound is an application of the gauge-gravity duality [14] , which (in the current application) is an equivalence between the physics of a five-dimensional AdS-like spacetime and that of an N = 4 super-Yang-Mills field theory on the four-dimensional conformal boundary. It must be admitted from the outset that this field theory is not very much like Quantum Chromodynamics, at least not in all cases. In specific, concrete applications, however, there are arguments that such theories are not as different from QCD as they first appear: see [18, 19] for two recent very remarkable examples. One can be cautiously optimistic that, in the domain of temperatures and baryonic chemical potentials in which both these boundary theories and QCD are strongly coupled (which is likely to be the case for the plasmas produced in the beam energy scans, which are our primary concern), there may be universal behaviour (see Section 12.2.3 of [14] ) which permits lessons learned in the former to be applied to the latter. The relevant bulk spacetime here is the five-dimensional AdS-Kerr black hole spacetime rotating about one of the two possible axes: see [20] [21] [22] . The holographic duality maps the properties of this spacetime, and of particles moving in it, to analogous quantities on the boundary. For example, the black hole emits Hawking radiation with a certain temperature, and the temperature of these radiated particles is mapped to the temperature of the field theory (and consequently to that of the actual QGP).
In an analogous manner, in [12] we studied particles moving around this black hole, with an angular momentum to mass ratio A, and computed their angular velocity ω; again, when suitably projected to infinity, this system models particles in the boundary field theory with these parameters, and in turn this should correspond to a rotating plasma with angular momentum density to energy density ratio A, and vorticity ω. We are interested in the relationship between ω and A so computed.
In somewhat more detail (see [12] for the full discussion): the geometry at (fourdimensional) conformal infinity can be described by a metric of the form g(AdSK (a,0) 5
where t is proper time for a non-rotating observer, θ, φ, ψ are certain angular coordinates (on a deformed three-sphere), a is a parameter related (but not equal) to the ratio 3 of the angular momentum of the black hole to its mass, and L is the asymptotic AdS curvature length scale.
In [12] we proved that particles moving in this boundary geometry on circular orbits (the equator of the three-sphere), with angular momentum to mass ratio A, have an angular velocity (relative to particles on the equator with zero angular momentum) given by
where Ξ is the function of A and L given by
With the holographic interpretations of ω and A, as proposed above, these equations give a holographic description of rotating particles (that is, of vorticity) in the reaction plane (or "x−z plane") of the collision, the plane perpendicular to the angular momentum vector. We see that, in this model, ω is directly proportional to A only when A is small relative to L (because in this case Ξ is close to unity). For extremely large angular momenta, however, the relation is non-linear, and indeed it is clear that ω becomes smaller when A is a substantial fraction of L (because Ξ is then close to zero). This behaviour enforces causality for particles with extremely large angular momenta [12] .
When A is small relative to L (as is the case for example in nearly central collisions), one sees that L ≈ A/ω, and this gives L a physical interpretation on the boundary: it is approximately the radius of gyration of the rotating plasma sample, the square root of the moment of inertia divided by the mass of the sample. When A is not small, L can no longer be interpreted directly in this way, but it still contains the physical information linking the angular momentum to the angular velocity: one can show [12] that it defines a "generalized radius of gyration" (which depends on A as well as L).
The problem is that we do not have data that can determine L. But this difficulty can be circumvented: one can show that ω, regarded (through equations (3) and (4)) as a function of L for fixed A, has a maximum possible value. This maximum occurs (see again [12] ) when L is given by
where σ is a dimensionless constant (which can be computed to any desired precision), and the maximum value itself is
where κ is a dimensionless constant determined by σ. That is, whatever the value of L may be, ω can never exceed this value, for given A. This, with A interpreted holographically as α/ε, gives us the vorticity bound, inequality (1). The key observation here is that, in the holographic model, this upper bound is inversely related to α, which increases approximately linearly with the impact energy [23] , whereas ε increases sub-linearly. Thus the bound is inversely related to the impact energy at any given centrality. For given impact energy and centrality, it is possible to determine α and ε (we use [24] to relate centrality to impact parameter, [23] for the angular momenta, [25] for the energy densities). Then the vorticity bound allows us to bound ω. Combining this with the corresponding temperature T (also from [25] ), and using the formula [4, 7] for the total average polarization P Λ ′ + P Λ ′ ,
we can compute an upper bound on this total polarization. (The primes refer to the fact that this applies to primary hyperons, see [4] .) That is, we obtain inequalities of the form
where C denotes centrality, and where all of the quantities on the right are (in principle, if not always in practice) known to us, for each impact energy and centrality.
Total Polarization vs. Impact Energy
We have carried out this programme in such a manner as to enable a direct comparison with the data reported in [7, 8] regarding the variation of observed hyperon polarizations with impact energy. The results, for collisions at centrality 4 C = 20%, are summarized Figure 1 : Theoretical upper bounds on total polarization, that is, in Figure 1 (taken from [12] ), which is to be compared with Figure 4 of [7] by adding together, in the latter, the values corresponding to the two points (corresponding to Λ and Λ hyperons) at each impact energy. We see from this comparison that the vorticity bound is, to a good approximation, respected: indeed, it is approximately attained, at least for collisions at impact energies between 11.5 and 39 (or possibly 62.4) GeV. Assuming that the bound is always attained at this centrality, then, at 200 GeV, the model predicts
In the data in [7] this is too small to be observed, but the subsequent release of the most recent STAR collaboration data [8] gives results which, in view of the statistical and systematic uncertainties, are in good agreement with this prediction (see Figure 4 of that work). That is, the bound continues to be obeyed and in fact attained.
Under what circumstances should we expect the bound to be attained? This is unclear at present, because the physical interpretation of the bound is not yet fully understood. In [12] we argued that the attainment of the bound is associated with an increase in the (effective) radius of gyration of the plasma sample with impact energy, and that this may help to explain the observed decline of the polarizations with impact energy; but this does not give us a general rule.
We can however proceed in a more pragmatic way, as follows. Clearly, since the bound is inversely proportional to α, which is nearly zero for extremely low-centrality collisions, we must not expect it to be attained under such conditions. Similar comments apply to extremely high-centrality collisions. Thus, we should confine ourselves to collisions in a definite range of impact parameters.
As mentioned, the bound is satisfied (and is attained) for collisions at √ s NN = 11.5
GeV and centrality 20%. In such a collision, the angular momentum density is α ≈ 44 fm −3 . Let us assume that the question as to whether the bound is attained is determined by α. In view of the computation just described, we will not assume that the bound is attained at any angular momentum density below around 40 fm −3 . For collisions at 19.6 GeV, the lowest impact energy for which one can be entirely confident that a plasma forms, and at which the bound is clearly attained, this translates to an impact parameter no lower than 2.5 fm (or centrality about 2.5 %). On the other hand, in this work we are concerned with centralities up to 20%, corresponding to impact parameter around 6.75 fm; so we arbitrarily set 7 fm as a (very conservative) upper limit beyond which we do not insist that the vorticity bound is attained. In short, for the collisions of interest in the present work, that is, with impact energies of at least 19.6 GeV and centralities no larger than 20%, the range of impact parameters with which we are concerned is 2.5 − 7 fm.
Let us now discuss a regime in which data have yet to be reported, and try to use these assumptions to make some predictions as to what will be seen when they are.
Total Polarization vs. Centrality: Predictions for C < 20%
In [8] , the STAR collaboration reports data on Λ and Λ hyperon polarization in a novel way: as a function of centrality (for fixed impact energy √ s NN = 200 GeV), instead of, as above, the other way around. The uncertainties are somewhat large at present, but overall patterns are discernible. In particular, the polarizations apparently increase slowly with centrality ( Figure 5 of [8] ), from C = 20% upwards, perhaps as far as C = 60%; beyond that, there is some suggestion of a decrease, though the statistics do not permit a definite conclusion.
We now ask: what happens if collisions can be studied at centralities below 20%? There are (at least) two competing factors here. As the centrality decreases from 20%, the angular momentum imparted to the plasma increases dramatically (see Figure 3 of [23] ), tending to increase the vorticity. On the other hand, the moment of inertia might be expected -though, in view of the complex relation between the moment of inertia and the dynamics here, the extent of this effect is far from clear -to increase, which would lower the vorticity. Predictions as to the vorticities and polarizations to be expected in this regime depend on which of the two competing effects one expects to dominate: they are model-dependent. One can anticipate that, moving down from C = 20%, the pattern observed at high centralities should continue, that is, the total polarization should drop at first. The question is whether this decline continues for very low centralities -meaning for extremely high angular momenta.
The holographic vorticity bound incorporates all of these factors in an explicit way, and answers our questions in the context of this particular (holographic) model. It can be used, in the same way as above, to generate upper bounds for the total average polarization as centrality varies. In order to understand the results, one should bear in mind the predicted shape of the function (again, Figure 3 However, the angular momentum density behaves in a somewhat more complicated way, because the volume by which one is dividing decreases steadily with b. The upshot is that it is not clear that α/ε will be large at low centralities, even though the angular momentum itself may be very large in such cases 5 . Thus, one cannot foresee how the crucial quantity κε/α will behave at low centrality: one has to compute. This is an explicit formulation of the competition between angular momentum and moment of inertia.
The computed upper bounds, for √ s NN = 200 GeV, are as shown in Figure 2 , for centralities ranging from 5% to 20%. If our hypothesis that the vorticity bound is attained in collisions with impact energy at least 19.6 GeV and a range of impact parameters between 2.5 and 7 fm (which encompasses 5% to 20% centrality) is correct, then these are predictions for the total average polarization in such collisions. (Of course, it may be that the bound is correct but this additional hypothesis is not; this would mean that the bound is attained in some collisions but not in others with almost identical angular momentum densities, which would be very puzzling. ) We see that, as one moves down from C = 20%, the predicted bound drops at first, as might be expected from the STAR data at higher centralities; soon, however, the bound begins to rise slowly, regaining the value at C = 20% at around 12.5%, and then rising steadily more rapidly for smaller centralities.
Our findings here may seem at first sight to contradict the results discussed in Section 3. There we found that large angular momenta (associated with larger impact energies) tend to suppress polarization, whereas here we find that high angular momenta (associated Theoretical upper bounds on total polarization, that is,
collisions with centrality C ranging from 5% to 20% and impact energy 200 GeV.
with the maximum of the function describing the dependence of the angular momentum on the impact parameter, which occurs at centrality just above 5%) appear to enhance it. The explanation is simple: the vorticity bound involves not the angular momentum but rather its density, and this, as mentioned above, can be reduced by the large overlap volumes encountered at low centrality. Data in the centrality range 5% to 15% have been taken at the ALICE detector at the LHC (where, as explained above, one does not expect Λ + Λ polarization to be sufficiently large to be detectable). Data in this centrality range but at lower impact energy have yet to be reported.
Earlier investigations by the STAR collaboration showed, as mentioned above, that the polarizations are much larger and more easily detected at lower impact energies; and in fact the evidence for polarization is most unambiguous for √ s NN = 19.6, 27, 39 GeV.
The calculations leading to Figure 2 can readily be repeated in these cases: Figure 3 shows the results for √ s NN = 27 GeV. These are the predictions of the holographic model in this case: the overall shape of the graph is as in Figure 2 , in fact it is characteristic of this model; but the vertical scale is substantially larger. Given that polarization is clearly seen at this impact energy and centrality C = 20%, we can predict that it would be at least as clearly discernible in collisions at this impact energy and C = 5 − 10%. To be specific: at C = 7.5%, we expect the total polarization to be about 11% larger than in collisions with C = 20%; at C = 5%, we expect it to be about 23% larger.
Conclusion
The polarizations of Λ and Λ hyperons produced in heavy ion collisions have been observed [7, 8] to behave in an unusual way with respect to variations of the impact energy: they Theoretical upper bounds on total polarization, that is, P Λ ′ + P Λ ′ √ s NN = 27 GeV, C ≤ Φ √ s NN = 27 GeV, C , as a percentage, for collisions with centrality C ranging from 5% to 20% and impact energy 27 GeV.
decrease as the impact energy increases. This presents a severe challenge to holographic models, in which the vorticity of the QGP is related to the angular momentum parameter of a rotating black hole in the bulk. In [12] we have argued that holography is able to meet this challenge. It does so by supplying an explicit, and rather unusual, relation (equations (3), (4)) between the black hole angular momentum parameter and the corresponding angular velocity; that is, holographically, between the QGP angular momentum density and its vorticity.
The new data also suggest [8] a new avenue for exploration: the effect of varying centrality on Λ and Λ hyperon polarizations, at fixed impact energy. In this case, data have yet to be reported for centralities lower than 20% with impact energies at 200 GeV and below. The holographic vorticity bound, supplemented by the hypothesis that the bound is approximately attained in collisions with impact energies at least 19.6 GeV and impact parameters in the 2.5 − 7 femtometre range, predicts definitely larger total polarizations, perhaps by as much as 10 − 20%, in low-centrality collisions as compared to those with C = 20%. It will be interesting to see how these predictions fare, if data can be taken at this impact energy and in this range of centralities in any of the beam energy scan experiments planned or under way.
